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FINAL REPORT: DAAD 19-99-1-0160
Larry L. Schumaker, Vanderbilt University

§1. Foreword

The work performed under this grant has focused on developing specific
spline tools (and the necessary underlying theory). The results can be
of use for a variety of applied problems, including for example a) scattered
data fitting of very large data sets (such as arise in digital terrain modelling,
geosciences, meteorology, etc.), and b) numerical solution of boundary-value
problems by finite-element methods. The work has resulted in a total of 16
research papers (see list below).

§2. Summary of Results

A) Macro-Elements. Macro-elements based on piecewise polynomials
on triangulations are useful for both scattered data fitting and for solving
boundary value problems. In recent years the classical elements used by en-
gineers have been generalized in various papers to C" smoothness. Most of
these higher-smoothness elements were not, however, optimal with respect
to various properties such as degree, number of degrees of freedom, approx-
imation power, etc. The purpose of the papers [3,5,9,13] was to develop
optimal sequences of smooth macro elements on both the Clough-Tocher
and Powell-Sabin triangle splits.

It is also useful to have macro-elements defined on triangulated quad-
rangulations similar to the well-known FVS elements. In [6] we develop a
complete family of such elements for all smoothness. Our work also pro-
duced analogs of all of these elements for spaces of spherical splines on
spherical triangulations.

B) Spline Fitting. Many spline fitting methods involve minimizing some
combination of energy and goodness of fit over an appropriate prescribed
spline space. While existence and uniqueness of solutions of such mini-
mization problems has generally been well-understood (along with practical
computational methods), little was known about error bounds for the meth-
ods. In [7] we establish general results on projections into spline spaces, and
in [14] apply these results to get specific error bounds for minimal energy
interpolation methods.

C) A Spherical Multi-resolution Method. Problems in geophysics
and meteorology generally involve functions defined on the earth, and can
usually be transformed to problems on the sphere. Much is known about
multi-resolution (wavelet) methods for planar functions, but much less was
known for the sphere. In [1] we develop a spline-based multi-resolution
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method. The efficiency and power of the method was demonstrated by
fitting ETOPO-5 terrain data.

D) Interpolation Methods. The most effective methods for interpo-
lating large sets of scattered data are local methods (such as the macro-
element methods mentioned above). In [8] we showed how recent alternative
C'! methods based on quartic splines could be stabilized to insure optimal
order error bounds.

In [11,12] we investigated the problem of creating spline spaces (based
on triangulated quadrangulations) and associated point sets which can be
used to perform Lagrange interpolation.

E) Spline Theory. One of the most important problems in spline theory
is to construct stable local bases. What is needed is an algorithm which
will produce a basis for a given spline space so that the size of the basis
elements and also the size of their support sets are bounded by constants
depending only on the smallest angle in the triangulation. Constructing
such algorithms is a delicate matter, and is done for large classes of splines
and supersplines in [4,10]. Similar algorithms producing locally linearly
independent bases were obtained in [2].

The paper [15] generalizes classical work on upper and lower bounds
for dimensions of spline spaces to much wider classes of super-spline spaces.
As an example of the applicability of the results, the bounds are used to
analyze a certain C? macro-element on a double Clough-Tocher split.

Finally, in [16] we examine how well smooth functions defined on the
sphere can be approximated by certain classes of spherical splines defined
on spherical triangulations.
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